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TFAE:

1. First-order logic (FO) I FO=LTL Kamp PhD 1968

2. Linear Temporal Logic (LTL) AP=SF Schutzenberger I&C 1965
3. Aperiodic Languages (or Automata) (AP) SF:FO McNaughton & Papert 1971
5.

. Star-Free Languages (SF) .
Star-Free Propositional Dynamic Logic (SFPDL)

c a a a a b

x(c(x)—>5|z (Z>X/\b(Z)/\Vy (x<y<z—>a(y)))) a, b a

Y
G(c—>X(an)) 628




Weighted Automata (wWA)
aza‘z 5 a|l 0 a‘4b3

(L (6
all 3 e 6 b3
Input word: w = a "q°bbP Weights of runs:
e 151 1525456256 - 636 e WX 2 X 1 X4x3x3P
141 ... 141472%4952¢6 ... 626 e 2T 2 X2X3x3x%x3P

141 ...14143%952%26 ... 626 e "X 2X1X5%x3x%x3P




Semirings

Examples:

1. N+,>< = (N, +, X,0, 1) : Natural numbers (usual addition and multiplication)

2
3.
4
O

3={ L, T}, V,A,Ll, T):Boolean semiring a)b

Nin + = (NU {+00}, min, +, +00,0) : min-plus semir

. Npax + = (NU {—o00}, max, +, —00,0) : max-plu

. (N(R*), w, -, @, {{e}}) : multisets of weight sequences (free semiribg)

a



Example with max-plus

a\l
all a\()
b |0

Niax + = (NU {—o0}, max, +, — o0, 0) : max-plus semiring

[Z1(w) = max{|u|,+|v],|w=uv}



Weighted First-Order Logic (WFO)

FO @:a=Tlax)|xZy|@|eVe|dxp
step-wFO a:=r|@pla:a«a

wFO @:::O\HzalszDlCI)+<D|qp?CD:CI)

Example: L = (ab + aab + ¢)™ is FO-definable

e ¢ =Vx (b(x) > a(x—1)) A (a(x) = b(x+ 1) V (a(x + 1) A b(x + 2)))
e a(2) = (a(z) V c(z)) 71 : (a(z —2)?73: 2)

. O = ¢L?Hza(z) . ()

« ForweL,letn=|w| andm=|w]| . Then, [®]"=3"Xx2""



Weighted First-Order Logic (WFO)

FO @u=TlaX) | x<y|[-@|leVe|Ixp
step-wFO a:=r|@la:«a
o I :
wFO @ :u=0|[]al) OO+ |p?D: D

Semantics: w € X" and v: V — pos(w)
Lo IV ifw,vE @
rlIY = r and Ta, : a, ||V =
. Al Lo 7oy ol {[[az]]w otherwise.

. [0]; =0 and [[] al = H‘W‘ [all},m;y and [ 2. @I = Z‘W‘ [Py
(D]l ifw,vEF @

O, + O,V = [P, + [P,]I and 70, : O, =
o [[ 1 2]]1/ [[ 1]11/ [[ 2]]1/ a [[QD I 2]]U {[[(I)z]]lvjv otherwise.



Weighted First-Order Logic (WFO)

FO @:a=Tlax)|xZy|@|eVe|dxp
step-wFO a:=r|@pla:a«a

wFO @:::O\Hzalzxd)|cl>+<b|qo?d>:cb

Example: Let L C X7 be a language defined by the FO sentence .

_ <X .
(I)pref — quﬂ ’1:0 Number of ‘

prefixes in L

where 1 = Hzl and =" is @ relativized to the prefix [1,x]




Weighted First-Order Logic (WFO)

FO @:a=Tlax)|xZy|@|eVe|dxp
step-wFO a:=r|@pla:a«a

wFO @:::O\Hzalzxd)|cl>+<b|qo?d>:cb

Example: Let L C X7 be a language defined by the FO sentence .

Number of ‘

Dip= 2, , (X <Y A "N ?71:0

where 1 = HZI and @ is @ relativized to the infix [x, y] factors in L




wFO vs WA

The following classes are expressively equivalent:

Theorem [Manfred Droste & P.G., 2019]
* Aperiodic polynomially ambiguous wA and wFO sentences, '

* Aperiodic finitely ambiguous wA and wFO sentences without
first-order sums (). ), '
X

* Aperiodic unambiguous WA and wFO sentences without binary

sums (+) or first-order sums ( 2. ).




Aperiodic automata

The transition monoid of & is aperiodic:

n+1

dn>1,Yuest Vp.ge 0. pSgep“sy

3% 4 3% 4

394 3% 4

n==~6

Theorem (Boolean) [Schutzenberger 65, McNaughton, Papert 71]

Aperiodic automata = FO sentences




Ambiguity in automata
—ambiguo:vry wrd has at o accping run. %

2 a |l b
120 ) aga VI3

c a3 a Domain: a*(a’> + a’b)b*
3-ambiguous
1 3 b3
a T (5) b

Input word: w = a"a’bb?
b

— — — e 151 - 1525%4%62%6 ... 656
| SNarmbIgHoUs = TEmbIgUOUS 1y a4y o 141494 5b ¢ 6b g

e 141 - 148143452%6 ... 626




Amblgmty Ip automata

Polynomlally amblguous
Every word W has at most O( | W | ) acceptlng run.

a2 a3 b |5 b |2
38 -@: a | 5:8 bl 1 ( % Domain: a™(a™b™)™
E Quadratic ambiguity
Polynomially ambiguous Input word: w € a"a(b™a™)*b"
I Iff I e n X p accepting runs on w

unambiguous on SCCs e Lessthan|w \2 accepting runs on w




Amblgmty Ip automata

General case: Exponentlal amblgmty

a|1

all Domain: a
—-81 :‘Q—> F,: number of accepting runs on a”

Fibonaccl numbers: exponentlal amblguity




Strict

Aperiodic weighted Automata

. Manfred Droste, PG., 2019
’ Exponentially ambiguous ‘

’ Polynomially ambiguous I(:} wFO

| Finitely ambiguous |« WFO without Y

Unambiguous < | WwFO without », and without +




Aperlodlc VS Counter—free

Aperiodic: dn > 1, ‘v’uEZ+ ‘v’p,qEQ p—>q D —q I
Counter-free: Vk>1, ‘V’MEZ+ vp €0, p—>p =>p_>p
a2 a3 b |5 b |2
Holelud
1 3
b3

Counter-free = Aperiodic

Aperiodic = Counter-free if & is polynomially ambiguous (SCC-unambiguous)




Poly-ambiguous vs Exp-ambiguous

a |l

Lelta) = L

Fibonaccl numbers:

a1
™

all
Assume [[A]|(a") = F, for some aperiodic polynomially ambiguous wA.

Polynomially ambiguous & Aperiodic =— SCC-unambiguous & counter-free
SCC-unambiguous & counter-free & 2 = {a} = SCCs are just self-loops
N, = (N, +,X,0,1) semiring & F, = 0(2") = weight(self-loop) < 1

Then, wt(p) < K for some constant K € N
Therefore, [A]|(a") < K X poly(n) = o(F,), a contradiction.



Poly-ambiguous vs Exp-ambiguous

all c|0 a |0
b |0 b|1
c|0 c|0 c |0

= (NU {—o0},max, +, —o0, () : max-plus semiring.

N

max ,+

2 is exponentially ambiguous & counter-free.

Let w = wyew,c--cw, with w. € {a, b} ™. Then,
n
[ (w) = Zmax{ |Wi|a9 |Wi|b}-
i=0

This function cannot be computed with an aperiodic poly-ambiguous wWA.



Strict

Aperiodic weighted Automata

. Manfred Droste, PG., 2019
’ Exponentially ambiguous ‘

’ Polynomially ambiguous I(:} wFO

| Finitely ambiguous |« WFO without Y

Unambiguous < | WwFO without », and without +




Linear Temporal Logic (LTL)

p:=Tla|l-@pleVe|Xe|leUp|Ye|eSg

c a a a a b

c A X(a U b) bAY(asSc)



Linear Temporal Logic (LTL)

p:=Tla|l-@pleVe|Xe|leUp|Ye|eSg

c a b a a b

G((b = Ya)A(a— X(bV(aAXDb))))

S —
Example: L = (ab + aab + c¢)™ is LTL-definable | Theorem [Kamp, PhD 1968]

FO = LTL.

e Fop=TUgp and Gg =-F-¢g




Weighted Linear Temporal Logic (wLTL)

LTL @:=Tla|l@|leVe|Xe|leUp|Ye|@Se
step-wLTL a:=r|ep?a:«a

WLTIL @ ::=0|La| ()P |aUD | DP+D|p?7D: D

Lo 11" ifw,iF @

Semantics: w € 2T and i € pos(w)
[[r]]:‘/z r [[(p?al : a2]]lw: {

[a,]I;" otherwise.
[all? ifi=|w]|

0 otherwise.

lavely =X (T lal}) x 11}

[(a)®]Y = {[[a]]}”. [®T, ifi<|w]

0 otherwise.

[La]) = {



Weighted Linear Temporal Logic (wLTL)

LTL @:=Tla|l@|leVe|Xe|leUp|Ye|@Se
step-wLTL a:=r|ep?a:«a

WLTIL @ ::=0|La| ()P |aUD | DP+D|p?7D: D

Example: L = (ab + aab + ¢)7 is LTL-definable

+ 9. =G((b = Ya)A(a— (XbV X@aAXDb))))
ca=@ve)?l:((YYa)?3:2)

e OD=¢;7Ga: 0 Ga=aULa
« Forwe L, letn=|w]| andm=|w]| . .Then, [®]] = 3" x2""



Unambiguous aperiodic wA vs wLITL

Domain of &f: L = (a*b + a*c)™ = Z*(b + ¢)
. qoL:G(chvXT)
ca={bve)?1:((@Ub)?2:3)

e O=¢;,7Ga:0

o Then, [@]]7 = [Z](w) forallw € X7



wLTL(G) without + and U

LTL @:=Tla|l@|leVe|Xe|leUp|Ye|@Se
step-wLTL a:=r|ep?a:«a

WLTL @ ::=0|Ga|(a)P|¢p?D: ] Ga=aULa

Semantics: w € Z" and i € pos(w) [Ga]” = Hl<]<‘w‘ [a]

wLTL(G) without + and U is contained in wkFO Theorem [Kamp, PhD 1968]
without binary (+) or first-order (Zx) sums. FO = LTL.

For each a in step-wLTL there is an equivalent «'(z) in step wFO: [a]] = [« i

We get [Gally = |],_,_, [l =11, ., (ol = [11,aT”



Unambiguous aperiodic wA vs wLITL

Let &f be an aperiodic and unambiguous WA

» . =dom() is LTL-definable by some sentence ¢; in LTL
. For states p, g we construct yy, € LTL(Y, S) and ¢, € LTL(X, U) such that

[ = p iff u, |u| Fy,  and g — F iff v,1 F @,
e For each transition(S:pﬁ)q, let 5 = Yl//p/\cz/\X¢q.
Forallw € Land i € pos(w)

w,l F @s iff 0O isthe i-th transition in the accepting run of &/ on w

» Construct a in step-wLTL such that [[a]|" = wt(6) when w, i F ;5
o Let® =@, 7Ga: 0. Then, [@]V = [Z[(w) forallw € Z7



Unambiguous aperiodic wA vs wLITL

Theorem: The following classes are expressively equivalent:
1. Aperiodic unambiguous WA

2. WFO sentences without binary (+) or first-order (Z ) sums.

X

3. WLTL(G) sentences without binary (+) sums or weighted until.

We justsaw (1) = (3)and (3) = (2).
(2) = (1) proved in Droste-Gastin 2019.




Exponentially ambiguous

Polynomially ambiguous ‘(:} wFO
Finitely ambiguous ~ |[<=|  WFOwithout ), |&<=| wLTL without U |

Unambiguous

< | WFO without + and 2

<= wLTL no + and U |

Aperiodic WA vs wWFO vs wLTL




wFO vs wLTL

Example: Let L € X" be a language defined by the FO sentence ¢.

D=2 ¢=71:0 : Number of ’
where 1 = Hzl and =" is ¢ relativized to the prefix [1,x] _ W

Example: Let L C X7 be a language defined by the formulay € LTL(Y, S).

®=(1U(w?1:0)G1)+ (1ULy?1:0))



wFO vs wLTL

Example: Let L C 2™ be a language defined by the FO sentence ¢.

D = Zx,y (x<YyA@HH21:0 | Number of
| .
where 1 = Hzl and ™! is @ relativized to the infix [x, y] factors in L




Thank you for your attention!



